We design an effect protocol for protecting the single-photon entanglement from photon loss and decoherence. The protocol only requires some auxiliary single photons and the linear optical elements. By operating the protocol, the photon loss can be effectively decreased and the less entangled single photon state can be recovered to the maximally entangled state with some probability. Moreover, the polarization information encoded in the single photon state can be perfectly contained. The protocol can be realized under current experimental condition. As the single photon entanglement is quite important in quantum communication, this protocol may be useful in current and future quantum information processing.
(|1 A |0 B + |0 A |1 B ) is a simple but quite important entanglement form [13] [14] [15] [16] . It means that the single photon may be in location A or in location B with the same probability. |0 and |1 mean no photon and one photon, respectively. The SPE has been regarded as a valuable resource for cryptography [17, 18] , state engineering [19] , and tomography of states and operations [20, 21] . Especially, the SPE has important applications in the quantum repeater protocols of long-distance quantum communication. For example, in the well known Duan-Lukin-Cirac-Zoller (DLCZ) protocol, the quantum repeater was realized based on the SPE and cold atomic ensembles [22] . In 2012, the group of Gottesman proposed a protocol for building an interferometric telescope with the SPE [23] . The protocol has the potential to eliminate the baseline length limit, and allows the interferometers with arbitrarily long baselines in principle.
Unfortunately, like other entanglement forms, SPE is sensitive to environmental noise during the transmission and storage process. The environmental noise may cause the photon loss or entanglement decoherence. The photon loss is one of the main obstacles for long-distance quantum communication. It will make the pure state mix with the vacuum state with some probability. The photon loss will cause the degree of entanglement between two distant sites normally decreases exponentially with the length of the connecting channel [22] . On the other hand, the decoherence may make the maximally entangled state degrade to the mixed state or the pure less entangled state. These degraded states can not be used to setup the high-quality quantum entanglement channel, worse still, they will cause the communication insecure [22] . Therefore, in practical applications, both the photon loss and decoherence obstacles need to be solved. The photon noiseless linear amplification (NLA) is the powerful way to overcome the photon loss, which was first proposed by Ralph and Lund [24] . Subsequently, various interesting NLA protocols have been proposed [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . For example, in 2010, Gisin et al. investigated the device-independent QKD based on the NLA [25] . In the same year, Xiang et al. also realized the heralded NLA and the distillation of entanglement [26] . In 2012, Osorio et al. showed their experimental results of heralded quantum amplifier based on single-photon sources and linear optics [29] . The experiment of heralded noiseless amplification of a photon polarization qubit was also reported soon later [30] . In 2013, the group of Evan proposed NLA, which can not only increase the fidelity of single photon, but also protect the encoded polarization information with some probability [32] . In 2015, Sheng et al. also proposed the recyclable amplification protocol for the SPE, which increases the fidelity of the single-photon state repeatedly. [41] . Recently, Bruno et al. proposed a simple heralded qubit amplification protocol for the time-bin qubit based on linear optics. They showed this protocol has potential for fully integrated photonic solutions [42] . On the other hand, the method to recover the pure less entangled state into the maximally entangled state is called the entanglement concentration. In 1996, Bennett et al. first proposed the concept of entanglement concentration for the two-particle less-entangled state [43] . Since then, various interesting ECPs have been put forward, successively [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] . In 2001, Zhao et al. and Yamamoto et al. proposed two similar concentration protocols based on polarizing beam splitters (PBSs), and realized them independently [46, 47] . In 2008, Sheng et al. developed their protocols with the help of the cross-Kerr nonlinearity [48] . Later, Sheng et al. firstly proposed the ECP for the SPE [49] and a NLA for protecting the single-photon entanglement from both the photon loss and decoherence [35] .
Inspired by the research work from Ref. [42] and our previous NLA protocols, in the paper, we design an effective NLA protocol for the SPE. This NLA protocol not only can protect the SPE from both the photon loss and decoherence, but also can keep the encoded polarization information of the SPE. The NLA protocol only requires some auxiliary single photons and the linear optical elements, such as the variable beam splitter (VBS), and 50:50 beam splitter (BS), which makes it can be realized under current experimental conditions. The protocol may be useful in current and future quantum information processing. This paper is organized as follows: In Sec. 2, we explain the basic principles of the amplification and concentration protocol. In Sec. 3, we make a discussion and summary. In the protocol, we explain our protocol for protecting the SPE assisted with some auxiliary single photons in detail. The basic principle of the protocol is shown in Fig. 1 . Suppose the single photon source S 1 generates a single-photon qubit with the form of
where α and β are real, and α 2 + β 2 = 1. The single-photon qubit is sent to two parties, say Alice and Bob, which creates a maximally entangled SPE state as
Due to the channel noise, the single photon entangled state can be degraded to a mixed state with the form of
The fidelity η shows that the single photon may be completely lost with the probability of 1 − η. Here, |Φ ′ AB is a less entangled state as
where a and b are two real entanglement coefficients, and a 2 + b 2 = 1. Our aim is to increase the fidelity of the mixed state, and make the entanglement coefficients a and b be the same.
For realizing the task, each of the two parties requires to prepare two auxiliary single photons. As shown in Fig.  1 , both the single photon sources S 2 and S 3 emit two single photons in the spatial modes of c 1 and d 1 , respectively. One photon is in |H , and other one is in |V . Each of the parties makes the photons in his or her hand pass through a variable beam splitter (VBS), here named VBS1 and VBS2, respectively. The two VBSs have the transmission of t 1 and t 2 , respectively. After the VBSs, the auxiliary photon state will evolve to
Considering the initial mixed state, the whole state ρ in ⊗ |ϕ AB can be described as follows. It is in the state of |Φ ′ AB ⊗ |ϕ AB with the probability of η, or in the state of |vac ⊗ |ϕ AB with the probability of 1 − η. We first discuss the case of |Φ ′ AB ⊗ |ϕ AB . The whole photon state can be written as
Then, the two parties make the photons in the a 1 c 2 and b 1 d 2 modes pass through two 50 : 50 beam splitters (BSs), here named BS1 and BS2, respectively. The BSs can make
After the BSs, the state in Eq. (6) will evolve to
Then, the parties make the Bell-state measurement for the output photons of the BSs. They make the photons in the a 2 a 3 and b 2 b 3 modes pass through four polarizing beam splitters (PBSs), here named P BS1, P BS2 and P BS3, P BS4, respectively. The PBS can totally transmit the photon in |H but totally reflect the photon in |V . In this way, after the PBSs, the whole state in Eq. (8) will evolve to
The photons in the eight output modes of the four PBSs are detected by the single-photon detectors, respectively. The eight single-photon detectors are called
, and D 4b , respectively. According to the measurement results, the parties can ensure whether the amplification protocol is successful. Under the case that the detectors
in Bob's location each registers one photon, the amplification protocol will be successful. Otherwise, the protocol becomes a failure. In this way, there are sixteen successful measurement results in total, say,
Under all the sixteen successful measurement results, the parties can finally obtain the same output photon state. We take the measurement result of
can be found that the four items
|V b5 |H b4 |H a4 |V a5 |V d3 will lead to the measurement result of D 1a D 2a D 1b D 2b . Therefore, under this measurement result, the whole photon state in Eq. (9) will collapse to
with the probability of
Similarly, from Eq.
, all the four items
|H b4 |V b7 |H a4 |V a5 |H d3 , and
|V b7 |H b4 |H a4 |V a5 |V d3 will lead to the measurement result of D 1a D 2a D 1b D 4b . In this way, under this measurement result, the whole photon state will collapse to
with the same probability. Obviously, both Eq. (10) and Eq. (11) can be transformed to
by performing a phase-flip operation on the photon in the c 3 or d 3 mode. If the parties obtain one of other fourteen successful measurement results, they can also finally obtain |Φ 1 AB in Eq. (12) . From Eq. (12), it can be found that the |Φ 1 AB can be transformed to the maximally entangled single-photon entangled state as |Φ AB in Eq. (2) when the transmission of the VBSs satisfies
In this way, as a 2 + b 2 = 1, we can obtain t 2 as a function of t 1 and a, which can be written as
Therefore, the success probability of our protocol corresponding to the initial input state of |Φ ′ AB as
On the other hand, if the initial input state is the vacuum state, after the auxiliary photons pass through BS1 and BS2, respectively, the parties can obtain
Next, the parties also make the photons in the a 2 a 3 b 2 b 3 modes pass through four PBSs, respectively. After the PBSs, the whole state in Eq. (16) will evolve to
After (17) will finally collapse to the vacuum state. Therefore, under the case that the initial input state is the vacuum state, the total success probability of our protocol is P 2 = 16 ×
Combined the two possible cases of the input state, the total success probability P t of our amplification protocol can be written as
When the protocol is successful, the parties can obtain a mixed state as
with the fidelity
It can be found that the output mixed state ρ out has the same form of ρ in . The fidelity η ′ of the new mixed state depends on the initial fidelity η, the initial entanglement coefficient a, and the transmission t 1 of VBS1. We design the amplification factor g as
For realizing the amplification, we require η ′ > η, that is, g > 1. It can be calculated that g > 1 under the case of t 1 < In the paper, we propose a simple and effective protocol for distilling the SPE from photon loss and decoherence with the help of some auxiliary single photons. In the protocol, each of the two parties requires to prepare two single photons with the polarization of |H and |V . Then, Alice makes the photons in her location pass through the VBS1 with the transmission of t 1 , and Bob makes the photons in his location pass through the VBS2 with the transmission of t 2 , simultaneously. Subsequently, each party makes the photons enter the BS, and make the BSM for the photons in the output modes. According to the BSM result, the parties can distill a new mixed state with the similar form of the initial mixed state. By adjusting the coefficients t 1 and t 2 to meet Eq. (14), we can recover the less-entangled single-photon state into the maximally entangled single-photon state while keeping the initial polarization feature of the single photon. Moreover, we can obtain the amplification factor g > 1 under the condition of t 1 < 2a 2 1+2a 2 . In this way, we can realize the concentration and amplification for the SPE simultaneously by providing suitable VBSs.
For realizing the concentration, the values of t 2 as a function of t 1 under different values of a 2 are shown in Fig.  2 . In Fig. 2, curve A, B, C, D, E 1+2a 2 as a function of a 2 , and the amplification factor g altered with t 1 under different η and a 2 , respectively. It can be found that a 2 controls the required scale of t 1 . For realizing the amplification (g > 1), we require t 1 < 2a 2 1+2a 2 . Therefore, the required value of t 1 must be below the curve of Fig. 3 . From Fig. 4 , when t 1 = 2a 2 1+2a 2 , we can obtain g = 1, which has nothing to do with the initial fidelity of η. Actually, under the case of t = 2a 2 1+2a 2 , our protocol is analogous to an entanglement concentration and swapping protocol. For obtaining high g, the parties need to prepare VBSs with relatively low transmission. Combined with Eq. (21), we can obtain the limitation of g as which has nothing to do with the value of a 2 . Fig. 5 shows the total success probability P t of our protocol as a function of t 1 under different η and a 2 . It can be found under the scale of t 1 < 2a 2 1+2a 2 , the factors η and a 2 have extremely slight effect on the P t . P t mainly depends on the value of t 1 . The lower value of t 1 leads to lower P t . In this way, in practical applications, the parties need to consider the transmission requirements for both g and P t , and select the VBSs with suitable transmission.
Finally, we briefly discuss the experimental realization of our protocol. The VBS is the key element of the protocol. The parties complete the concentration and amplification tasks relying on adjusting the transmission of VBS1 and VBS2, respectively. They require to select the VBS1 with t 1 < 2a 2 1+2a 2 , and the VBS2 with t 2 = t1(1−a 2 ) a 2 −2a 2 t1+t1 . The VBS is a common linear optical element in current technology, which has been widely used in current quantum communication field. For example, in 2012, the group of Osorio reported their experimental results about the heralded photon amplification for quantum communication with the help of the VBS [29] . In their amplification experiment, they successfully adjusted the splitting ratio of VBS from 50 : 50 to 90 : 10 to increase the visibility from 46.7 ± 3.1% to 96.3 ± 3.8%. Based on their experimental result, our requirement for the VBS can also be realized. On the other hand, we also require the sophisticated single photon detectors to exactly distinguish the single photon in each output modes. Due to the quantum decoherence effect of the photon detector, the single photon detection has been a challenge under current experimental conditions [62] . In 2008, Lita et al. reported their experimental result about the near-infrared single-photon detection. In their reports, the photon detection efficiency η p at 1556 nm can reach 95% ± 2% [63] .
In conclusion, we design an effect protocol for protecting the single-photon entanglement from photon loss and decoherence. In the protocl, we only require some auxiliary single photons. By making photons pass through the VBSs and BSs, and adjusting the transmission of VBSs, we can realize the entanglement concentration and amplification simultaneously. Moreover, the polarization feature of the SPE can be perfectly contained. As the protocol only requires the linear optical elements, it can be realized under current experimental condition. In the protocol, the limitation of the amplification factor g only depends on the fidelity η of the initial mixed state, and we can obtain high value of g under relatively low transmission. As the single photon entanglement is quite important in current long-distance quantum communication, this protocol may be useful in current and future quantum information processing.
